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AN  INTEGRAL  EQUATION  FROM 
DIFFRACTION  THEORY 

A.  S.  Peters 


1.    Introduction 

The  main  purpose  of  this  report  Is  to  show  hew  to  solve 
the  singulcr  integral  equation 


(1.1) 


iaU+t)   ^^e^^i^-t)    1 
'^(t)  i   r-^ + 


>:+t 


x-t 
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V,  dt  =  h(jc)  +  A<l'(x)   0  <  X 


where  k  is  en  arbitrary  constant;   a  is  real;   p  =  ±  o.  ; 
and  the  second  integral  means  the  Cauchy  principal  value. 
Particular  cases  of  this  equation,  namely 


(1.2) 
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0  <  X  , 
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were  Introduced  and  solved  by  D.  S.  Jones  [1],  [2];  in  con- 
nection with  2  problem  in  diffraction  theory.   In  [2],    Jones 
shows  thct  if  eny  one  of  (1.2)  is  written 

(1.3)  f    <f(t)K  (?.,t)dt  =  h{^) 

then  there  exists  s  resolvent  kernel  R.(x,y)   such  that 

J 

/   R..(^,x)K^(x,t)dx  =  5(t-4)  ; 
0 

and  it  follows  from  this  thst 


-  CO 

(1.4)  *(^)  =  /    R  (e,x)h(7jd: 


In  the  proof  of  (1.4)  Jones  stsrts  with  the  exhibition  of  the 

function  R..(x,y)  .   The  anelysls  which  leads  to  the  choice  of 

J 

R.(x,y)   in  the  first  place  is  not  presented.   In  a  second 
paper  [5]  on  (1.2),  Jones  shows  that  this  equation  can  be 
reduced  to  a  pair  of  duel  integral  equations;  which  he  solves 
in  terms  of  elementary  functions.   The  solution, however,  in- 
volves triple  integrals  and  the  subsequent  analysis  which  is 
used  in  [3]  to  return  to  (1.4)  is  not  inconsiderable.   In 
Section  2  we  show  a  more  simple  analysis  of  the  dual  equations. 

The  dual  equations  technique  is  not  appropriate  for  the 
analysis  of 
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P  00              I     ia(>:+t)           -ia(:<-t)    ! 
(1.5)         /      '^i^)<^-JTt -   ^      --    t t  dt=h{7)    +  A4>(j^)  0<x 

Hov/ever,    in  Section  5  vje   show  that   the  transform 


lUt 


J(u)    =J      e"""    4'(t)dt 
0 

satisfies  a  Cauchy  singular  integral  equation  of  standard  type. 
In  Section  4  vje  point  out  that  (1.5)  is  a  particular  case  of 
the  more  general  equation 

(1.6)  f      K(7>-t)4'(t)dt  +  f    K^(x+t)4'(t)dt  =  h{y.)    +   ?-.0(7,) 

0  0 

and  we  show  how  the  solution  of  this  equation  can  be  reduced 
to  the  solution  of  a  Hilbert-Riemann  problem  when  K^{T)  is 
related  to  K(T)   in  a  special  way. 

The  methods  of  Sections  3  and  4  are  combined  in  Sections 
5  and  6  to  show  how  the  solutions  of 

poo      I  ia(:;+t)   ,  -ia(x-t): 

(1.7)  /  <i>{t)    )^-^^ +  ^^"  ^_^ f-  <f(t)dt  =  h(:i)  +  A*(x) 

and 

P  00      f  ia(x+t)  ,  ,  iG(x-t)i 
(1.3)   /  «t.(t)  <|  ^  ^■^■^.   ^  '^^  ^_^        >  <i>(t)dt  =  h(:<)  +  A<t>(x) 
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can  be  found. 
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2.   The  Reduction  to  Du&l  Equations 
Let  us  start  v;lth 


r~      f  -iG{t-:x)    -la(t+x)  ^ 
(2.1)     /   0(t)  <  ^—^-^ +  ^-TT^ ^  ^t  =  h(^)    ^  ^  0 

0       '^  J 

where  a  is  real  and  positive.  We  suppose  that  oCt)   satis- 
fies a  uniform  Holder  condition  when  t   is  positive  and  finite 
This  guarantees  the  existence  of  the  Cauchy  principal  value  of 
the  first  Integral  for  each  positive  and  finite  value  of  x    . 
Equation  (2.1)  is  the  same  as 

r"       I     -l{t-^)      ^-i(t+x)1 

^2-2)        /   ^^^)  ^Hi3r--^HT3r— r  ^t  =  h,(.)        .>o 
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v;here 


^(t)  =  *(|)  ;  h^U)   =  h(|) 


Jones  remarked  that 


r  -  f-TT  1   cos  At       C  <   A   <  1 

!g-l(t-x)        ei(t+x),  I 

■^^^^ — : +   ■ '.-.        nop    \ii    dy    =J 


0  ,    t-x      ^  -trr-r    '^'  ^"^  ^"^  -> 


J  I     TT  Sin  At  1   <  A 

and  using  this,    he  reduced    (2.2)   to  the  pair  of  dual  equations 

,00  -s     r  °° 

(2.3)  /      ^^(t)    cos   At   dt   =  i   /      h^(x)    cos   Ax   dx  0   <   A   <  1 

0  0 
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(2.^)     /   <»>^(t)  sin  At  dt  =  i  /   h^(:: )  cos  A::  dx     1  <  A 
0  0 

In  order  to  solve  these,  Jones  introduced  fe-,(A)  such  that 

/OO 
4>^(t)  sin  At  dt  =  ai(>^)       0  <  A  <  1  . 

0 
This,  with  (2.4),  implies 

^.  1 
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(2.6)   5  0  (t)  =  /   6t(^)  Sin  tAdA  +  ^  /  sin  tA  /   h,(y.)cos  Axdxc 


After  the  substitution  of  (2.6)  in  (2-3),  the  use  of  generalized 
functions  leads  to  s  Cauchy  type  integral  equation  which  is  not 
difficult  to  solve  for  g-,(A)  ;  and  v;hen  £^(A)  is  known  (2.6) 
gives  <^n(t)  .  P.s  was  noted  in  the  introduction,  the  representa- 
tion for  gi(t)  that  is  obtained  in  this  way  is  rather  compli- 
cated, and  it  seems  to  require  intricate  analysis  to  pass  from 
the  form  (2.6)  to  the  simpler  form  (1.4). 

Instead  of  the  above  method  let  us  follow  a  method  that 
was  developed  in  [4]  by  the  author.   First  notice  that  if 
A  =  0  the  terms  of  (2.3)  may  be  infinite.   In  order  to  cover 
this  possibility  we  introduce  the  generalized  function  5(A) 
and  write  (2.3)  and  (2.4)  as 

-  00  ^     r  °° 

(2.7)    /   <t-|_(t)  cos  Atdt  =  ^  /   h^(-^)  cos  Axd>;  +  Ct|^5(A)  0  <  A  <  1 
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(2.8)         f       <f-,(t)  sin  Atdt  =  7  /"  h^(>:)  cos  Axdx      1  <  A 


0  0 


Nov;  if  we  multiply  e&ch  side  of  (2-7)  by   2/it   /r  -  A   ;  integrate 
with  respect  to  A  from  0  to  r  <  1  ;  and  use 


we  find  that  (2.7)  becomes 


(2.9)     r  *i(t)  JQ(rt)dt  =  ^y^  h^(>c)  JQ(rx)dx  + 


C 
r 
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In  a  similar  way,  if  we  use 


J  (,t)  =i  r  iin-BdA 

r  /A  -r 


md 


Yo(r:<)  =  -I   r^°^^  ^^^^ 


0  <  r  <  1 


r  z:^:? 

we  find  that  (2.8)  becomes 

(2.10)      J       0^(t)  JQ(rt)dt  =  -  ^   /"   h^(:<)YQ(r7.)d:i    1  <  r  . 
0  0 

The  results  (2.9)  and  (2.10)  show  that  the  zeroth  order  Bessel 


transform  of  '^^•.(t)   is 
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h^(.x)jQ(rz)dx  +  ^ 


0  <  r  <  1 


<t>^(t)jQ(rt)dt 


r\   00 


1  <  r  . 


The  Inversion  of  this  transform  produces 


(2.11) 


V_l|_  ^  ir  rJ(^(tr)  r  h^(x)jQ(rx)d.^dr  +  C  r   jQ(tr)dr 


,     p  00  p  00 

-  ^  /   rJ.{tr)  ;   h^(x  )YQ(r.x)d:(dr 
1  0 

for  the  solution  of  (2.2). 

The  representction  (2.11)  csn  be  simplified  by  using  the 
formula 


(2.12)   /   zC  fk2)C  (iz)dz 
w     M"      M- 


[lcC^^.^(kz)C^(iz)  -  £CjKz)C^_^^{£z)] 
2  2-2 


in  which  C  (T)   end  C  (T)  Ere  any  two  cylindrical  functions 
of  the  E£;ne  order.   [See  V/stson,  Theory  of  Bessel  Functions.] 
Let  us  interpret  the  third  integral  in  (2.11)  as 


-^   lim         r/:4^^  (Tr)  [    h,  (:OY^(r>i  )dzdr 
^  T  ->  t  +  iO  -^  j_  ^   ^       -'  Q  -^    ^ 

where     /^   H^    '    (Tr)      denotes  the  real  part   of  the  Hsnlcel 
function.      Then  the   use   of    (2.12)   gives 
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which  i£   the   sarae  as 
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ir     C   -  0   ,    (2.13)   Live! 
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[t>:jQ(at)Hp^o:>;)-t2j^(c:t)H^2)(^,.)j 


•^(t)    =  4>^(at)    =^         h(:0   ^^ i g i ^ d:. 

This  solution  of  (2.1)  was  presented  by  Jones  in  [1],  [2].  It 
shows  the  meaning  of  one  of  the  resolvent  kernels  noted  in  the 
introduction,  namely, 


R,(x,t)  ^  i§ 


[  t:<jQ(at  )Hp  ^  (ax  )  -t^J^  (ct  )H(^^  ^  (c:; )  ] 
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(2.14)    ^^{t)=^f      \{^)     '|t/  uH^^M:<u)Jo(tu)du  +%.-2-^  .d^ 

""  0  I   0  J 

+  C  /    jQ(u)du  . 
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The  result  (2.13)  was  given  by  Jones  in  [^] .      It  must  be 

.t 
noted,  however,  that   /   Jo(u)du  satisfies  the  homoseneous 

dual  equations  only  when  these  equations  are  interpreted  from  the 
point  of  view  of  summsbility,  or  generalized  functions,  that  is 
to  say,  if   v  =  A  +  ie  ,  then 
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/   jQ(u)du  cos  Atdt 
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do  not  exist  in  the  ordinary  sense.   This  implies  that 

"  0 
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does  not  satisfy  the  homogeneous  equation  corresponding  to 
(2.2),  namely, 

r°°  \       -i(t-x)      -l(t+x)   'i 

^2.15)       J       %{t)    .   %_^    +  ^  ,^^^     >dt  =  0. 
0        i-  -' 

In  feet,  it  can  be  verified  that 
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+  -^-tT5i ^  ^^  =  -^^  • 
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The   equation 
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(2.16)         /        *(t)      ;'  t   -A ^+^ ^^^   =   ^^''^        r.    >  0    , 

i  J 

where  a  is  real  and  positive,  can  be  reduced  to  a  pair  of  dual 
integral  equations  by  taking  the  sine  transform.  This  equation 
is  the  same  as 
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and  if  we  note  thct 


col  ^-l(t-^x)   ^-i(t+x) 


r^-s 


t+y. 


sin'  X:<(ix  =  « 
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-TTl  Sin  7^t   0<A<1 


-TT  COS  >.t     1<A 


we  can  see  that  the  sine  transform  of  (2.17)  yields  the  equations 


(2.18) 
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0  (t)  sin  Atdt  =  ^      /   h,  (7. )  sin  Axdx 
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0  <  A  <  1 


(2.19)    r   <^-j_(t)  cos  Atdt  =  -  ^ 


00 


h-  (x)  sin  Axdx 


1  <  A 


If  we  regard  these  equations  from  the  point  of  view  of  the  theory 

of  generalized  functions,  then  differentiation  with  respect  to 
A  changes  them  into 

(2.20)   r   tO-^Ct)  cos  Atdt  =  ~  f      h^(x)^:  cos  Axdx+  c^SCA-I)   0<A<1 


(2.21)   /   t<t>^(t)  sin  Atdt  =  7  /  h^(>;)x  cos  Axdx+  C2&(A-1)   1<A  . 


The  function  5(A-1)   is  introduced  because  the  equations  (2.18) 
and  (2.19)  show  a  jump  discontinuity  at  A  =  1  .  The  last  equa- 
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£     '-     A 


^    t^ 


{>:}  .:i      \      r~  ^    '■■^.^■:  *■.'-;    (i)  ^^ 


V. 


0 


A   >    I 


\  .  V 


71' 7  A 


CO  ,, 


.     (i),. 


(QX.:) 


Y 


03, IX 


tlons  hsve  the  seme  form  es    (2.7)  end  (2.8);  enc  hence  if  we 
operate  on  (2.20)  and  (2.21)  as  we  did  on  the  pair  (2.?),  (2.8) 
we  find 


r 

!  ^J     xh^(j'.)jQ(rx)dx  +  0^5  (r-1)   0<r<l 


00 


f    t4'^(t)jQ(rt)dt  =  ^ 

I  -  i-  /  ^h^(.^)YQ(r:<)dx  +  C26(r-1)   11^ 

!        ^0 

The  inversion  of  this  yields 

(2.22)   <J'^(t)  =^J      rJQ(tr)  f    >.h^{y.)jQ{r:i)ax6r  +  c^J^it) 

0         "  0 


-  i   /  rjQ(tr)j  7.h^(>;)YQ(r>;)dxdr 
1       "^0 

for  the   solution  of    (2.17).      If  we    integrate   in  the    same  v;ay 
as  we  did  above  we  get 


,     r«                   [tJ,(t)J^(:c)    -  7.Jo(t)J,  (x)] 
<t^(t)    =  I  /        :(h^(:'.)   ± ^-2 -^ i d>:   +  c^JoCt) 


poo                 [tj   (t)Y    (:  )    -  xJ    (t)Yi(x)J 
-J     xh.CO   ^^—2 6>: 


or 

dx 


,     p«               [:,2j^(t)Hp)(>.)    -   :;tJ    (t)H^-^x)] 
(2.25)        ^(t)=|/     h^(^)   ^ 2 2^ 


Jq     -  X-    -   t' 


+  C2JQ(t)    . 
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'T-'O      ;■  r. 


}o..  0  +    Ab(.v-:..).,L(::}  .rl;c 


U  X 


■■^l:-      (I-:r)d,..o  -f    x'.{>ci),.Y(.Or-- 


'o{r-).^-^.(:i)_^c:t      \ 


r, 


oLet'i   alrij  '■;o   aciciisvni;   irlT 


(:t)^l.,.,0    -r    •^:" 


0 


::-)oV:> 


-■    V 


(S2.S) 


"  ^  '<.J 

,'■  r 

■■^sv^  s;n33    i'flJ   nx   sd'i  inline    6\;  'IL      ,l")I.'->.)    'io   ncMvIoa   srij  'loi 

:f'::.3   f)'v    .^vocf'?  bib   ew   ss 


-    (rO,;C{.+  )rTi;t] 


{■Ojilx 


■',    ^ 


(;J)j-* 


This  can  also  be  written  as 

(2.24)    <f^(t)  =  i  r\(y.)  \   J<  [    v.H^2^7u)jQ(tu)du  +  P^   >dx 


I    0 


7r(:<^-t^)  J 


+  Cg  JQ(t). 


The  solution   (2.24)    Indicates  that     J^i^)     ^°y  satisfy 

pco  r    -i(t-x)  -i(t+>c)   1 

(2.25)         /        ♦o(*)       <         t-.  ■  t+.  Ut   =  0    ■ 

0  L  J 

This  is  actually  the  case.   In  contrast  vvlth  what  we  found 

^t 
above  for    /   J„(u)du  and  the  homogeneous  equation  (2.15), 

^    ° 

it  can  be  verified  that  Jq^*^  satisfies  (2.25)  and  the 
homogenous  dual  equations  corresponding  to  (2.13),  (2.19); 
without  invoking  sumraability  procedures. 
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2^  nsjcJ'.L'iw   vd  OB 


b{ul)^[.jy)^^)n:j" 


\        I 


^    {0,ri 


TT 


(r).o        (i^e 


■    -r  '  "■• 


::   X^}.:i      {•J).l      cfsri^   ^si-soxOrix    (l^i^.S)   no.I:t;;io3   sriT 


(;c-;d)'-..  (x-J)i-.. 


0    -    Ji 


00    , 


\         (t: 


I 


C 


[■^l 


■  '   -I')"     •^-.  0!?1    1     Oi  'Oil 


I,     -'   .'      .  >■>  t 


5.        Reduction  to  t   Ccuchy  Integrgl  i^^cuctlon. 
V/e  turn  here  to  the  equctlon 


/e^ 


+t)  -la(x-t) 


(5.1)  /      f(t)    <^  ^   ,.    ^  ^      +   ^        X    -  t —     ■'      ^t   =  h(7j+A<P(::)      0<x 


V 

where  a  is  reel;   v   is  plus  or  minus  one;  snd   *(t)   is  sub- 
ject to  the  uniform  Holder  condition  prescribed  in  Section  2. 
We  proceed  to  give  a  technique  v/hlch  reduces  (jJ-l)  to  s  simple, 
v;ell-l<:nown  integral  equation  of  Cauchy  type. 

We  assume  that  the  right  hand  Fourier  transform 

\{0   =  I    e^^*  <^(t)dt  C  =  ^  +  in 

0 

exists  almost  everywhere  for  X   '^  =  0  .   The  Holder  continuity 
assujTiption  is  sufficient  for  the  validity  of 

(3.2)        <:>(t)  =  Ijf  /"  e""^  J{u)du  . 

-00 

These  assumptions  imply  that   JiC)  can  have  no  poles  on  the 
real  axis.   Furthermore,   ^(C)   is  analytic  for  Jl  ^  >  0  and 
^(C)  — >  0  v^/hen   |^|  — >  oo  with  0  <  arg  (^  <  tt  .   The  substi- 
tution of  (5.2)  in  (Ji.l)  gives 

A 

-   P  C3  p  00   .,   _^        ^io(x+t)     ^-ia(x -t)  \ 

^J  J        e"^^"  l(u)du  -'  ^-^rTi ^   V  ^—-^ ;■  dt=  h(x)+A^(x) 

-   1'4    ^ 


-00     -00 


r 


/ 

0 

i 


\        J       ..  ,    .    ..      , 


-cJajt    sJ.      {?)*     bno    jono    suae;::  •ic    3,ulq   32      ^      iI.3S--:£   al:  .o 


.    .       CO 
-I  ".  r 


nj-    ■(- 


This  is  the  seme  ts 


iii.„^<"' 


r-  ro  1  f  u-a  )T 


J-. 


00   i(u-a)    I 

.^ eT  I  du 

J 


=  h(j^)  +  A<f(:;) 


or 


IX  u 


-ixu- 


(5.5)   ^  /     ■^(u)[-ie-'^''  +  ive"^^*^]  sgnCu  -  a)du  =  h(x)  +  A<l>(>;) 


v.'hers 


Elgnum  i   =   S£:n  ^  = 


-1 


I  >  0 
^  <  0   . 


Note  thct  the  trensf orr.iation  can  be  reversed  from  (3-3)  to  (J.l) 

The  result  of  multiplying  (3.3)  by  e^^^'  ,  i)  C  ^0  .  fnd 
integrating  from  zero  to  infinity  is 


,     r°°    ^(u)    sgn   (u-a)clu        ^    r  <^    "^(u)    sgn   (u-c.)du 

(3.^1)      h  I      ^=—  .  V  /      _ 

^  J  -co 


u+r 


p 


ii+r 


H(a  +  A  '^{^) 


jic  >  0 


where 


H(C) 


=  r 


J 


e^^^'h(x)dx 
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33    9;'P.2  3    dd-i    at 


fb     :■  To   ~ 


\  ^;k  : 
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T 


3V-;  x: 


T(o-;j)i^  « 


3        i/jxi. 


T 


I   (;j)(F 


«-  ^.' 


.;:)va   +    (.x)rj   ^^ 


(  O*'^  ^    (>^)'i   -  i?''(^^  -   ij)nj;^    ['^^  "3^ 


<i  ;cx 


.x-](:;}(ir 


^1     .iLTjiijl  i 


[i.'^oi   (c--')   HiO-i'j.   o^;;'j^7r/-i    :;'Ci   n;c?  aoi  jj-;i-io"j;5n --iJ   yrlj    ^^rl:? 


&n  :.    ^   0  < 


03-    V^ 


(.^o^F 


From  here  on  to  the  end  of  this  section  v.'e  suppose  for 
convenience  that  a  >  0  .   If  v;e  let  L  denote  the  path  along 
the  real  axis  from  -w  to  a  ;  and  let  M  denote  the  path 
along  the  real  axis  from  a  to  +<»  we  see  from  (^.'O  that 


^  n    5(u)du   ^  n    5(u)du    ^  n    J(u)du    ^  r    ^(u) 


5(u)du 

r 


M 


M 


=  H{a  +  >>i(';)  . 


Let  L  be  hinged  at  a  and  then  rotated  through  the  upper  half 
plane  into  coincidence  with  M  .   The  result  of  doing  this  is 

M 

V/e  suppose  now  that  each  of  H(|)   and  ^(  ^ )   is  continuous  for 
^  >  a  .   This  insures  the  existence  of 


lim   /  ^(u)  -4^  +  -^  du 

,<• ^  &  ~ 


_uT^  "*"  u^. 


and  it  follows  that 


00 


(3.5)  J    5(u)  [-^  +  ^]  QU  =  Hd;)  +  A  $(^) 


a 


a  <  ^ 


This  equation  reduces  to  v.'ell  knov/n  equations  if  v  is  either  1 
or  -1  . 


-  IC  - 


gaols  n:^5.r  f;.-;^    sr'-onafe     J     clsl   ov;   II      .   0   <  r     ct:;rii   - 

r.'c^sq   f,';:t   eJov.o-.^     U     viol   f>ri3    (   o     o:i      «-     rtio'"!   ^ilxs   Xijtvi    ..■ 
.■j:;r:'-j    (■  ,c;   mo'il   G03    ov-     »+     oJ-     i'     mcil   ;£i;::£   Ibs-.c   ^fil  ■^•;r;c.f.r 


''\ 


a 


(\.)^,C    4-    (>)H 


ioj.   f:c;c;.rnx.^.ciC'. 


(j)i 


,J    -^r'n    scoqr--: 


':■?   ^rrii:,Saix-    oi'"    a£!'"[(.,3i;;.t   3.LaT      .   r 


Lf.) 


n 


Lc" 


-U 


J--U.    ^    ■■■■-■ 


J     ' 


^nrfct  3vjoric^- 


If  V  =  1  we  have 


n    '(|^(u)2udu 
(5.6)  /  -  ,^  ,^        =  Hii)    +  A  $(fj 


or,  after  an  obvious  transformation. 


J  TIT =  H(iT+a'')  +  A  |(iT+a  )  . 

The  last  equation  can  be  solved  In  various  ways.  The  solution 
Is  well  known  and  for  A  ^j^  ±  iri  It  Is 

where  9  is  defined  by 

V  cot  7r9=A  0<9<1. 


Hence 


2    2vi-e 


15.  r  J  ©^Uj     =    ry n n r; /        5 ?"Tr75 5 ^ 
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ev£;;   3w      L   -  V     11 


(;0?  .'-   -i-    (J:)H   == 


(^^    . 


noicfB:'m:ol2nfi'"icf   Cijo-tv^do  ns  -isct'^s 


("^r-F?v)'t'   /^    ^    (^'iN'TV^K  = 


v:.("r 


T-^ 


0     .    T' 

f'^r-'-"^\)h     "'* 

t-X^ 

'V         (  . 

r"! 

.^  -  .  ( Vvl  )^ 


■;v+"A 


liJ  boa.L':-gft   ct     S      9'2' 


.    I  >  V   >  0 


.<   -   ■..'Tf   dco   "a 


r      /-^  /s 


(u)^ 


Similsrly  ii"  v  =  -1  we  have 


tJ.8)         Sf   !!^._H(ii.^ 


md   If     ^   =}=  ±  TTi     the   solution  of  this   Is 


«>    /  A  2     2  N  V.' 


A^+tt'^  (A^+7r^)(u  -a^)^''^a  ^   -u^ 


cu 


(u   -a    ) 


where  w  is  defined  by 

TT  cot  Tn'J   =   -A  0   <_  w   <   1 

Let   us   epply  the   sbove  method  to  the   equation 


pco                    ija|  (:<+t)        --i|al  {:^-t)    , 
(5.10)  j       Ht)y       ^^^         +^— TTt j»ot=h(.) 

[This  is  the  equetlcn  v.'e  obtain  If  we  replace  a  in  (2.l6) 
by  -la|   end  h(x)  by  -h(x)  .]  According  to  what  we  have 
above,  the  right  hand  Fourier  trsnsf orraof  '^{t)     must  satisfy 

P  CO   ({)(u)'2udu 
'-'a     u  -4 

As  we  can  see  from  (3.7),  with  A  =  0  , 
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^vcri   z'.i      I-    --  V      '■.•:■   xM-:il!\L. 


x->  '-' 


si   n..ri:i    1.0  no2cJTjIo3   ori."/      .;:tv  ±  ^   /[     li   ' 


"^B)  '^"\ 


v; ,  i' 


OV.  '■(-.:,--%,  )(-Trf^,0 


(^■0  ^ 


'■■-^ ) 


(;c)/'   =    cfb  < 


(^^^;U>i: 


ji-X 


^    >   (:r)v 


O     3U 


ips   or^-v^ 


(j.n)    ?(u) .  -g  /":-""  rMiiii 


ir  ^  Q 


y^^-aS  (e^-u*)     /?:? 


-1/ .(.)/?:? /"i^ 

0  i/i;    -a 


GX     +    


s/^I?  (e^-u^)  /u2.a2 


In  order  to  show  thct  the  inverse  of  the  right  hsnd  side  of 
(3 '11)  csn  be  ey.pressed  In  s  form  similar  to  th£t  shovm  in  (2.24) 
we  v;ill  use  the  fscts  thct 


d   r"       AdX ^    i/j  -g^     _^    u 

^-/^  rT~2    /^7T~2.  ,'72   2  ,.2   2,     u^-^^ 

0  /u  -A  /i;  -A     1/^  -a   (^  -u  ) 

md 

_d  [^  AdA 


2  /.2 


''  ^0  ^s:!^,^^:^   "'-^ 


Then 


/"2~~2  r°°     ^e^^^d^     r"".!^^  ^>      r""     AdA  d^. 
/u  -a   /  ^ =/   e   ^  -Tj  ' 


-^^   /?:?  (e^-u^)'-^"       ^-^o   /?:fa2-x2 


■ix 


r°     ^     r"  e^^-^c^dA     r^e^^^   ^    r  ^^       AdAd^ 


2:j^}m^''\ 


^  (jL.)^       (II.':} 


.-^;;\  {~iJ-^^) 


:0 


+     K-J 


y;i"  ' ;;  ^* 


Cv-"?) 


s     ■::.A 


r, 


TT 


-      + 


0-  '  -J  \i^ 


■^  r» 


(-^:i--5)   -^o--,;. 


'c-  V 


^^-"u 


^^\i  -A-^A   0 


V3  u 


.-.•Ni 


"^     o 


2 


a      AH^-'-^(Xx)c!A 


0   e-s? 


TTix    r"    iUt    ^" 
e 


00        iut 


It   follows   th£t   the    solution  of    (p. 10)    is 


(3.12)    <^(t)  =  -  4  rh(y.)  .^-  ^^-  r"" 


,.  ,  ,    p   ,   AJ^(At)H„ 


a 


^;Ax)dA  +  -T^  I  d:: 


t^^..2  J 


+  c^jQ(at) 


or,  by  integrating  the  product  of  Bessel  functions  according 
to  (2.12), 


(3.13)  Mt)  =  i^  r"  h(x) 
^  J  0 


[x^jQ(at)HJ-'-^(c7.)  -  j;tJ^(at)H(!,-'-^(Gx)] 


dx 


x"-t' 


+  c^jQ(at) 


The  equation 


(3.1^) 


r-        i|a|(x+t)     -i|a|(>:-t) 


X-t 


i 


dt  =  h(x) 


is  the  one  we  obtain  if  we  replace  a  in  (2.1)  by  -|c|  .  For 
this  case,  the  transform  of  the  colution,  under  the  assumptions 
given  above,  must  satisfy 
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oV, 
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.'J 
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'.      ;:.-:? 
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-■x-^':t 


■f-.^ 


•'-■•■  rT'  I  ,r      r..r      \    -'-■■- 


<T         I 


(^;>       fs:i.^) 


'^.'    "■         n 


(:^:0..,^..::'  •!■ 


r.nx.y-oo 


jvi:;'i    .13-:, 3^-1  '-0 


Tjd:;  :-]nr-i  ^'■^a:j:}c^j:   ^;o    ,-:fo 


;{';r,s)  o:^ 


Kb  - 


i  o  .-j)  ^l-^  k] 


(K.),i 


0  ^• 


{:i)<-    {z:.0 


:^.o)^Wo   . 


cicli:-i.t'-3   cniT 


*  I     I 


>   A 


The   solution  of  this,   &e  we  can  see  from   (3.9), 
(3.15)  5(u)    =     2u r°°     A^-g^  H(Ude    , 


{/  \x  -o.  ^  \/\x  -a 


In  accordance  with  our  assuinption  that        ({)(u)   ->  0 
|u|    ->  00   ,    we   take     c    =  0   ,    and    so 

(3.16)     ^(u)    =     2^  r°°  /e^-g"  HU)dg 

.2  Z?:?    ^c:  e-u2 


i^ /       e-^'-^  (/g   -g 


This  ccn  be  inverted  by  using  the  same  method  that  v/as  used  to 
Invert  (3.II).   We  note  that 


-1   r "  xdA  u/^^:?  I 

and 


Then 


u 


,2  ^2  "^a 


ly.t 


g    (^i;?" 
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03     C'l'.. 


'.".'ict  S'W  ,  -«  '^~  ly 


" :  -  -  "  ;i 


rjS 


(rj)^       (:^X.C) 


SJ 


i^:.id 


;.r  \i 


0 


/cr-,, 


o  v- 


d    r°      X       r°°  e^^^deax   ^  _d  r°   i-er^  __AdAdi 


+ 

ou 


/  ^2      2 


2         ^^    Jo         ,y'~2— 2  -0         4^-u2 

y  u    -A 


?i  r"  e^^^  t  C  AJn(?^t)H(^)(Ax)dAdt  +  r"  ^^2  ^f  • 


Hence  we  can  see  that 
5.17)   Mt)=4   r"'h(>:)   i-^  pAJo(^t)4^^(At)dA  +-2^ld:c 

TT^^O  ^0  tr-XJ 


or 

(5.18)   Mt)  =  -  |2L  r  h{j;) 


[y>tJo(at)H|^^a.x)-t^J.^(at)H^^^(ax)]dx 


X  -t 


is  a  solution  of  (5'1^)- 

The  result  (5.l8)  implies  that  the  homogeneous  equation 


(5.19) 


«      J  ^ila|(.+t)   ^-x\<:x\{y.-t)       1 

Jo     ^^^    L    ^+t       .^-t     J 


does  not  possess  c  non-trivicl  solution  which  satisfies  the 
hypotheses  of  this  section.   Is  there  a  solution  which  does 
not  satisfy  those  hypotheses?  This  question  prompts  us  to 
reexamine  the  possibility  of  retaininc  the  term 
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-■  >:J: 
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/b(>:A)^-^/HA      D. 


0 


.uo 


A-'sj  ^J 


J•ilic^   333  ns:'   ^vr  aonsH 


xb- 


^x  .^:f 


iD  -, 


0 


^^ 


I  0  ^ 


,  ;t:;: }  ^.L -:!■-(  TO  )^-^|iH(ji:>)^^I.:r-] 


:yfi 


IT 


=    {:i)'i> 


.(  1^1.  •^}   lo  n= 


(3.20) 


Ic^i^)   = 


cu 


^'u^-a^ 


in  (5. 15)'   I^  we  retein  this  term  we  ere   led  to  s  consideration 
of  a  generalized  function  as  a  possible  solution  of  (3. 19).   This 
is  so  because 


5o^^^ 


cu 


=  c 


/ 


u  -a 


u 


y  2     2 

•^  u  -a 


-1   +  c 


end  inversion  gives 


^    (t)    -  ^      ^*     p-^^* 
'0^^^    ~  2¥    J  ^ 

•J    —CO 


U 


-     1 


^  yj:^ 


QU    + 


2v 


e-i^^du 


c_      r""     ue-^^^cu 

TTi 


+     c5{t) 


-a       /   2      2 
i/  a   -u 


(3.21) 


O^Ct)    =   -   c    [Gj^(at)    -   S{t)] 


It   c£n  be  verified,   by  substituting       "^n^^^      ^^   (3«19)> 

that    (3.21)   does   in  fact   satisfy  the  homogeneous  equation 

(3.19). 

It  is  interesting  to  observe  that  solutions  of 


Jo 


t)   i 


r^ia(>;+t) 


I 


^.+t 


-  c 


-ia{x-t)  1 
^—jZt r  dt  =  h(x)+X<^(x) 
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^    'u 


(is 


niD   J I 


can  be  found  by  differentiating  and  integrating  solutions  of 


J  0 


t) 


/ 


,ia(x+t)     .-ia(>:-t) 


:x+t 


+  c 


::-t 


>dt  =  h(7. )  +  A'J'Cz)   . 


For  example,  teke 


(3.22)         J    -^(-(t) 


r^l|a|(x+t) 


y.+t 


+ 


■i|al(7.-t)  ] 

—r ^  Gt  =  0 

y.-t     J 


Assume  that  an  analytic  solution  exists  and  deform  the  path  of  in- 
tegration so  that  it  lies  above  the  real  axis  in  the  neighborhood 
of  X  .   Thus 


-TTi  Vo(>^)  +j  ^o(^)  ]   FiT 


^i|a|{x+t)      „-i|a|(x-t) 


+ 


x-t 


dt  =  0 


and  differentiation  with  respect  to  x  gives 


-TTlV'oCx)/    V'o(^)  fe 


^i|a|(x+t)    -i|c|(x-t) 
e        —  +  - 


X+t 


X-t 


I 


dt  =  0  . 


This  is  the  same  as 


-Tri->'(x)  .J        V'o(t)  ^     y—^ 


i|a|(x+t)     -ila|{x-t)  1 
^  ^  >  dt  =  0 


+t 


x-t 


and  after  an  integration  by  parts  it  becomes 


■TTi  i/'q  (x) 


^0^0) 


^        ri  Id  I  (x+t) 
-/  ^i(^)   (   x.t 


^.-i|a|(x-t)  ] 

x-t    r" 


dt  =  0 
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•  ..1-j  ^' 


l~f  -  ■]  I  -.  t  '-f  ■■     ',, 


■^niJ  5 '::J'U^'j':''j^  i  "-   vcf   i^rtoo'i.    oc/  r. 


(;0'^A  •■•    Or)j1  -  *o< 


(o^-: 


>;.:r)<i' 


0.[  ;>d"     ,5l'7):IRX 


(^-:)l:.!i-.,        (-t^^;c)U-MxJ 


u  -  :fri  <. 


rj- 


.:^4-, 


}  <^io^  -\ 


lo 


0  -  r.j  -: 


,r-: 


2Z7^s:      ::     oj-   J  •■' :-T3  I..*::  nj^-irw  /;•;  ^^^Gi  Jny\ca'i- t 


»' 
i 


0  =-.  :Jo 


(:t->:)|'olx-^        ( 


:f-x 


I  ..      I 


4  i-i'h-^^    '  (>o 


[KJr^^    .nr- 


if  there  is  no  contribution  from  infinity.   If  we  move  the  path 
beck  into  coincidence  v;ith  the  real  ezis  v;e  find 


(3.23)   -Vo(o) 


^^l|aU_^-i|aUj 


Nov;  we  know  that   '■^p,(t) 
this  in  (3.23)  gives 


^        r  i|a|(z+t)    -i|al{>;-t)  1 
=  J^(at)   satisfies  (3.22).   Substituting 


r  i  a  hx   -i 
[e  '  '  -e 


^  +  a        J  (at)  <'^^ 

^0  -^     1 


|a|(x+t)   ^-ilal(y.-t) 


x+t 


x-t 


1 


dt  =  0 


which  can  be  written 


[aJ,(at)-6(t)]  J 


^i|al(x+t)   g-i|a|(x-t) 


x+t 


x-t 


dt  =  0   . 


0    "  [   ^^^  ""-^  J 

This  again  justifies  the  retention  of  the  term  (3«20). 
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(:.|n|t-„.>r;;!U„, 


--  (0)ty>       U 


0=0  LV 


f   (^-K}lnix-^      (iM-::)i3U^ 


:^-K 


>  (:»)o*      ',- 


r. 


0    =    :}b    ) 


\  {i-^\^\l-.   (J+K)i,ou/[ 


:t-.K 


-fj. 


^  {j^^;."^ 


^,      \:o   -I-  1 — = „ 


OX 


o] 


c 


•A. 


K 


nscr:  j-':i.;^; 


iiio  iiox:;-. 


1  -  0  '^ 


1'- 


(02.^)   avisd-   Drli  lo  noi Jri's- jfli   brrJ    3^.^±■"ii: j'sut,   nr'?^.;^   hxr'i 


^.   Reduction  to  c  Hilbert-Rlemsnn  BoundSxry  Vclue  Problem. 
The  equcticn 

r«       f  ,la(7.+t)     -i.oiy.-t)   1 


^0 


^+t    "^  ^  ^  y.t^    '-dt  =  h(x)  +  A<^(z)    y.  >  0  , 


J 


where  v  is  plus  or  minus  one,  is  a  particular  esse  of  the  more 
general  equation 

(4.2)      /    [K(j;-t)  ±  K^(:x+t)]  ^{t)Ot   =  h(r.)  +  A0(7j    z  >  0 

where  we  are  given  K^(T)  =  K(-T)  ,  T  >  0  ,  and  we  define  K,(T) 
for  negative  values  of  T  so  thct  K,(T)  =  K(-T)   holds  for  all 
real  T  .   We  proceed  to  show  that  if  the  transforr.  K(u)   exists 
almost  everywhere  for  u  reel,  then  ('f.2)  can  be  reduced  to  the 
solution  of  the  Hilbert-Riemann  problem  defined  below. 
If  the  Fourier  transform  of  K(T)   is 

K(u)  =   r*"  e^'''^K(T)cT  , 

J    _00 


the  Fourier  transform  of  K,  (T)   is 


K^(u)  =  f       e^"^K^(T)  =  f    e^^'^K{-T)dT  =  /"  "e"^^'^K(T)dT=K( -u) 

J   _oo  J   -oo  d   -co 


Let  the  right  hand  transform  of  <>(t)  be 
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X-lJ  J. -J    wJJi-   LI        ^'l  i  i. 


0  <    K        (;:)^U  -i-    {x)rl 


I     (t:-x)oK  (j+x).v 


•]  -J-K. 


i  0^-- 


{1     <      T 


(:0^^  -1-    (;Ori  =   i^jii)^    [{j-i-K)  .2  ±    (j^it)>f] 


''■'  -> 


0  ^ 


(■^-  j 


(T)  JI     3n.ix£)-i   5v;  bns    ;   0  •<   T    ,    {1~)7i  :=    (T)->1     ns'/xi  913   aw  3 


X 


3'a-. 


srii'  oj  b?iOubyi'-i  ecf  hgo   (':^.->)   ri&ri-j    ,i--£'i     .a     0:01  3--i.jri'..'viir.v5  d-ao..., 
•  KOl^d   oen.^'isv  iVJcXcfotq  fa7s;;.i>J:fi-d-^3dX.LH  -^ril   'io  noX:fijIi 
a.?:      (T):H     lo  n.'rol2r:.-.-;t  'iSi^xjo'^   edJ   II 


<    T 


00 ,., 


Jo 


e^^^<t>(t)dt  iC   >  0 


£nd  let 


J(e)    =  lim  ^(e   +  in)    =  ll.-n      JlC) 

n— >  0+  n— >  0+ 


5  (-4)    =  li."        $(-^-in)    =  11m        J(-ii+in) 
n— >  0-  n— >  0+ 

=  lim      -^(-r)    =    $(''ie^^)    . 

n->0+    -  -^ 

From  the  standpoint  of  generalized  functions  we  have 

(4.5)   1   r"  e~^^^  [K(u)  5(u)  ±  K(-u)  5(-u)]du  =  h(>:)  +  A«J'(>:)  . 


2Tr 


If  we  multiply  this  by  e^^^,^C  >  0  ,   and  integrate  from  zero  to 
infinity  we  get 


^'•'^       2^1  j.^  ir^ 


Ac  >  0 


[T:(u)  1(u)  ±  K(-u)  $(-u)]  ^^  ^  ^(^j  ^  ^  j(^) 


Also  if  we  multiply  (4.3)  by  e'^^^  , ^C  <  0  ,  s^d  integrate  from 
zero  to  infinity  we  get 

(4.5)     1   r  tK(^)  ^^-^  ^f^-^)  S(-^)3  du  =  H(-C)  ^aS(-C) 
^^•^^    2Tri  J_^  u  +  C  ^ 
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0  <    X,~  J5(  J)' 


0)1 


(,•)?       -ill  =    {:is  +    ^)  !|^ 
-t  0  <— fi 


rail  =    (,:)5 
-0  <-n 


(ni+i«)f        In.  I  -    (n^-;i-)i        r.xi  -    (c-)l 


+0  -;~n 


-0   <— fi 


(■'''^:')5  -  (>)^ 


"v?r<    vfv;  arfo  iJ'oa'/']:   oi^il^vrno^'   lo   ctnto.:-''ii^>^:i  i   erid 


nTt      .'J  /*..  .L"* 


.    (;0*A  +    (.<),i  -  .ro[(:i-)(l^    (;r-)l  1    (;0  5    i'^)!]   "' 


CO-.     •■' 


^7^:?nj.   'jrii      ,    -j  <    .^i^ 


1  r 


which  is  the  same  ss 


Ik    6)  -^  I  [K(-u)  ^  (-U)  ±  K(u)  ?  (u)]  ,     „/  M  a.  T.  T  /  M 


c^C  <  0 


and  we  can  write  this  In  the  form 


(4  7)  .  -2-    r         [K(-u)  ^  (-U)  ±  K(u)  f   (u)]  _ 

^  -00  u  -  C  ~ 

Ir.  >  0  . 


If  we  add  (4.7)  to  (4.4)  v;hen  the  upper  sign  is  In  force;  and  sub- 
tract (4.7)  from  (4.4)  when  the  lovjer  sign  holds  we  find 


du 


(4.8)        ^   r"   [K(u)  ^(u)±l(-u)  ^(-u)](-^  -  -^) 

^"•^   J  _oo  ~  ~         U-s     U-Q 

=  H(a  ±  H(-c)  +  A[  5(a  ±  5(-'^)]  . 
1  c  >  0  . 


Let  us  take  the  limit  of  (4.8)  as  t^—>-  \i\    ;    end  under  the 
supposition  that  on  any  finite  Interval 

K(u)  ^(u)  ±  K(-u)  J(-u) 

is   integrable   In  the  Rlerr.ann  sense  or  the  Cauchy-Rlemann  sense  if 
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a"   3r:).vs   orirf   '2£  rioirlw 


(^O  T  '^  -M^^-JH  -  j;^  -■ 


,>     -     !J 


-.n^ 


(o.ii) 


J  >  ?'V,. 


iriTol   2.1.^  ni:   3iflJ  o-t.'/i'//  nao  sw  5n 


(-.-)     A     ;:    -,     0)H    =    yn    ii-liJiiillJ-irllJiizill       "^     .--^,    -         ( 


T'        I. 

1 ' '- 1 


~    If 


'■J    •=■     .;  t. 


f'.;-}"^    iij-)J  ±    (;/)?    (;-)-:l 


lA  +    {T-)H  ±    (2)H  = 


there  is  £  simple  pole  on  the  peth  of  integrc tion.   The  result 
is  thot 

(^•9)    K  (U  f{^)    ±   !(-?•)  |{-;)  =  H(U  ±  H(-U  +  A[5(P)±|(.4)] 
or 

(4.10)  [K(;)-A]  J(U   ±  [K{-4)-A]  $(^e-^)  =  H(U  ±}i{iie^'^) 

must   hold  for  alraost   sll   values    of     i    >_  0    .      V/ith  respect   to  the 
z-plane 

C      =  z  =  y.   +  ly 
and  with  the  notation 

f{/I)    =  F(x)    ;    K(^^)    =  Q(>:)    ;    H(/D    =  I(x)    ; 

the  equation  (4.10)  is 

(4.11)  [  Q(;<)-A]F(^)  ±  [Q  (:<e2^^)-A]P(xe2^^)  =I(x)  tK^ie^""-) 

where  x  >^  0  .   Equation  (4.11)  is  the  barrier  equation  for  a 
Hilbert-Riemann  problem.  The  problem  is  to  find  a  function  F(z) 
analytic  in  the  finite  z-plane  cut  along  the  positive  real  axis 
and  such  that  (4.11)  is  satisfied.   Any  singularities  that  vje  may 
be  willing  to  admit  for  F(z)   at  infinity  or  at  the  banks  of  the 
cut  must  of  course  be  consistent  v;ith  the  existence  of  the  integral 
(4.4)  and  must  allow  a  reversal  of  the  transformation  of  (4.2)  into 
(4.4). 

Me   have  shown  how  the  solution  of  (4.2)  can  be  reduced  to  the 
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{^^o;^}H  ± 


{;')H  :^   (''-., )^    [/.-(^•-)"1   ^^      (^)l)     [A-(.};':        (01. V 


I    (■:)!  -    (■?,)]-[    ;    (:0:'=    (■?.,) '^   I    (k)^  ^-.    (VO^ 


si    (01.  r)    noi.v-;..p::.    sm 
fs.i:    (II.  (i)   noi:JG;;rJl      •   0  <_   :<     e. 


solution  of  the  problem  posed  by  the  barrier  equation  (^r.ll). 
Since  (4.11)  can  be  solved  by  a  well-known  procedure,  given  for 
example  in  [5],  we  do  not  repast  it  here. 
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.(II.-')    i.oi;J'j;j;'0   vslaTiso"   Siij  vJ   b=bZOq  ;;;?I:fo'j:c;   on  J   lo  n    ' 


5.        /Another   Generf llzstion 
The    ec  ui t^on 


(3.1) 


^0 


la{x+t)  -ia(j<-t) 


x+t 


+    V 


x-t 


1 


clt=  h{;<)  +A<I>Cx)     :x    >  G, 


v;here     v  =  ±  1   ,   c£n  slso  be  regarded  oS  c  particular  case  of  the 
equation 


(5.2)  /        0(t)  ^ 


ia(.\+t)  -la(7>-t)   "I 


+  A*(x)      X  >0  , 


where  k  is  an  arbitrary  constant.   The  solution  of  (5.2).  can  be 
reduced  to  the  solution  of  a  Kilbert-Riemann  problem  by  using  the 
methods  of  Sections  3  snd  k.      We  outline  the  reduction  belovj. 
V/e  assume  that   <t^(t)   in  (5.2)  and  it^  transform 


iCt, 


^(O  =  /    e"^H(t)ct 


satisfy  the  conditions  set  in  Section  3'   I-l"  we  take  a  >  0 

for  convenience,  then  we  find.  Just  as  in  Section  J>,    that   ^(u) 

must  satisfy 


(5.3)  f        i 


?(u) 


_  u+^    u^ 


du  =  H(4)  +  A  ^(U    0  <a  <  ^ 


or 


(5.^)  j   5i(u)  1^  ^  +  ^  J  du  =  H^(a  +  A$^(0     1  <  i 
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0  ^    X     {}d'i>.\  -i-  (;■;)[;  -■  i 


J.±i 


U-i  i"  - 


(,;+: 


)oK 


)o 


(-L    •^) 


■  t-i  ■+ 


OCiSO    \3i'jOX 


;:>3;j'7  3  "^s'-v 


;J: -.  n:-)    ,    i   ±   =   V 


no.!:  J' 


,  0<.:      (^t)^/;  -1    ( 


(rr-::).-x- 


i-H:^) 


3  J 


'-  ii)'^ 


:;.:(:;)^> 


-    {;)^ 


'"■  <   a     oj^?:;J   9w  11      •>:  noJ^;?o^a  n.c   cJ-^a   3no.:.iior.oo   ?rf:f  y'^s,. 


^   >  ri>   0 


where 


J^(u)    =J    (au)    ;    H^(U    -  H(a^) 


Equctlon   (5.4)    is    zn  equation  of  V/lener-Hopf  type   which  czn  be 
solved  by  using  Mellin  transforms. 

V/e  asEUiTie  that  the  Mellln  tronsform 


(5.5} 


^ 


(s)    ^jT"  u^-lj-^Culdu 


exists  for  all     £      such  that     RE=a;0<a<l     and  that 

,       ^  a+l« 
(5.6)  f-^iu)   =     ^J  u--Y(s)ds    . 

the  transform  for  i'(s)  is  analytic  in  the  left  half  plane  ^s  < 
and  ^(s)  ->  0  as  |£-c|  ->  ~  ,  |-  <  srgfs-a)  <  ^  .  The  substi- 
tution of    (5.6)    in    (5-4)    gives 


a+ioo 


27ri 


^'(£)     / 


u 


-s 


a -1=0 


1     +     i< 
u+^        u-^ 


duds   =  B^ii)   +-Kf^{i) 


or 


a +100 


(5.7)      2^/  4 


1     +    k    cos     TT     E 


Ein    7f    £ 


T 


(s)ds  =  H3_(4)   +  a5^(^)    . 


The  result  of  multiplying  (5-7)  by  ^^"   ,  ^^  <  £  ,   end  inte- 
grating from  one  to  infinity  is 


(5.8) 


1_ 

2i 


;+i~ 


,-ioo 


s-z 


1  +  k  cos  V   s 
sin  TT  E 


^(E)ds  =  y-liz)   +A^(z) 


Rz  <  a 
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J,  -—1 


:?^rid-   c-rn      I   > 


,"> 


^    .  V  ..  /  -  J. 


'\ 


aix~6  '-' 


'  •    ^ 


X'iT'ri 


,.- 1  i  '->    s  J. 


-Liac^'ji   sr/£      ,   ^  ~-    (  r-^'^^ 


.L 


"    2j;j, 


■n; — - 


0 


\     (^) 


xj:-s^    ^~ 


^•ci 


where 


jiiz)  ^  f'"e~\{i)6ii 


is  supposed  to  exist  for  Rz  =  a  . 

The  pcth  of  integration  in  (5.8)  is  pcrcllel  to  the  im££,in£ry 
8xis  in  the  s-plene  end  we  denote  the  path  of  \~    .      Let   cr   be  s 
point  on  [~      snd  let  z  —>  a     .      The  limit  process  yields 


(5.9)      I 


1    +    k    cos    TTCT 

sin  TTcr 


^{a  )  + 


2i 


r 


1     +    k    cos    TTS 

sin  ITS 


y(s)ds 


^l(o)  +V}!{a  ) 


or 


(5.10)      TT 


1  +  k  cos  TTcr 


sin  TTcr 


T(cr)+li:r. 

z— >cr  +  0 


2i 


1    +   k   ens    Vi 


Sin    TTS 


^(s)ds 


=   :V(t)    +  A^rCcr  )    . 


That  is  J  if  F(s)   is  the  section: lly  enalytic  function  defined  by 


P(z)   =  <^ 


21  J  r-       S-Z 


L--jr 


1    +    k    COS    TTS 


sm  TTS 


analytic   for     Rz  <  a 
'i'(£)ds     analytic  for    Rz   >  a    , 


then     F(z)      must   satisfy  the   Hilbert-Riemann  problem  posed   by  the 
barrier  equation 
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f^U)r^ 


a 


(-0V. 


•■0    •<;—    £        Till     0:iZ 


nc 


3^(a}^^ 


T/--.; 


\    „-.. 


r    {   ^)V 


■^ 


A      ( 


(  ^:;}^-'/:+  {'■) 


n 


{19  ,.^ 


..ri-r(-)- 


(  -d)^'/'  h-   (-tO\C, 


;3   :>ri;f   31      (:: 


(5.12) 


TT     (1     +    k     COS     TT    (J     ) 


£in  TTcr 


-    X 


F(a  -0)    +  F(cr  +0)   =    ;:t/(r) 


v/hich  c^n  be  solved  by  known  rnethoct.   Once  P^z)   is  known,   "!'(£) 
Con  be  found  from  (5.11)  end  it  follows  by  inversion  that  the 
solution  of  (5.2)  is 


*(t)  =^ 


+  100  r   1  -S 


-co  '-'  £  -lc»     I  / 
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(-r 


)\^- 


-^    t)}'^    -V     (0- 


•T    ::  o  ■: 


i^Ll    'i 
J 


{•31. e) 


:zs    ( S  .  r, )    'i  o   no  A  J  vj  X  C' ;: 


L'oa  ; 


■ , '  ■-. )  * 


-  i..\       '■■■^Xt 


ft; 

1- 

\ 


^ 


:i)i' 


6.   A  Related  Equation 

In  this  section  we  shov;  that  the  solution  of  the  equation 

(6.1)  /   <f(t)  )^  ^_^^ -^  ;   i Ut  =  h(x)  +  A<t.(x)    x>0 

0       I  '^"      j 

can  be  reduced  to  the  solution  of  an  equation  already  considered. 
Me   assume  that  <i'(t)  and 

CO 

$(C)  =  r    e^^^   0(t)dt 
0 

satisfy  the  conditions  prescribed  in  Section  J>.      By  the  method  of 
that  section  v;e  are  led  to 

n  r   "^(u)  sgn  (u+a)      ^  f°  ■^(u)  sgn  (u-a)du 

(6.2)  i  /  = ~j du  +  ^   /  =: r 

'     2  J  u-K  2  ,  '        u-Q 

—00  _co 

=  H(a  +  A  5(c)  i  C  >  0  . 

Suppose  that  a  >  0  .   The  transform  J(C)   Is  analytic  In  Jl  f^   >  0 
and  J(C)  -~>  0  as  |Cl  — >  ^  ,   0  arg  C  ^  tt  .   Hence  an  application 
of  the  Cauchy  Integral  formula  to  (6.2)  produces 

r"  '5(u)du     p*  ^(u)du  _ 

(6.3)  -j   — +-r-  +  K  /  =^izT kTTl  J(C)  =  H(0  +  A  _^(a 

-TT  a 

or 
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f  (--:^J;-i:-,.:        ^o- 


0 


;'.:fi5;^      (^)*      jBri:^    s/rt'/aas   9'; 


CO 


^3(jr->  -^-^^s   \  -  (3>0) 


C7\ 


c-j   csl  91?.  evi  nc.l.tooa   d"s:' 


d-ij  ^j  c- -•"•-■  '.'    ^ 


«    rx/        ItT 


[^(ue^^)+k  ^(u)] 


(6.4)  /      -= „    >       ~ dU    -    kTTl  f(C)    =   H(C)    +   A  ^(C) 


a 


J^>   0    . 


If  v/e   let      C      in   (6.4)   approach     i,    i  >  a   ,    and   then  let      C, 
approach     ^e         we  obtain 


P    [$(ue^'')+k  ^(u)]  ^       , 

(6.5)        /     -= T7-?r-^= du  +  TTl  (t)(te^^)   =  H(4)   +  A  ?(^) 


(6.6) 
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+  X 

i(^;e 

^^)   . 

ItTx  ,,//'     iTT. 


If  we  multiply  equation  (6.5)  by  k  and  add  the  resulting  equation 
to  {S,6)   we  get 


[^(ue^^)+k  ^(u)] 
""         "~ du 


p"  [f(uei^)+kl(u)]       r 

(6.7)  kj  ^^ du+j   -^^^ 

a  a 

=  kH(4)  +  H(^;e^^)  +  A[k  fii)    +  fiie^'')] 

If  we  introduce 

(6.8)  k  $(u)  +  §(ue^'')  =  0(u) 
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equation    (6.7)    becomes 


(6.9) 


^  a 


O   (u) 


IITf   •"  ITT 


du 


iTT, 


=  kH(e)    +  H(^e^")    +  AO(U 


This  equation  was  discussed  in  Section  5  and  it  v;as  shown  there 
how  it  could  be  solved  by  reducing  it  to  a  barrier  equation. 
Once  0(u)  has  been  found,  the  transform  ^(u)  can  be  deter- 
mined by  solving  the  Hllbert-Rlemann  problem  posed  by  the 
barrier  equation  (6.8). 
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